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Abstract
We consider the noncommutativity parameter of the space-time as a bosonic world-
sheet field. By finding a fermionic super-partner for it, we can find star products be-
tween the boson-boson, boson-fermion and fermion-fermion fields of superstring world-
sheet and also between superfields of the worldsheet superspace. We find a two di-
mensional action for the noncommutativity parameter and its fermionic partner. We
discuss the symmetries of this action.
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1
1 Introduction
The study of open strings in the presence of background fields enables us to explain the
noncommutativity on the D-brane worldvolume [1, 2]. In the most of these attempts the
noncommutativity parameter is constant i.e., it is independent of the spacetime coordinates.
It is given in terms of a constant background NS⊗NS B-field and a constant closed string
metric gµν [1]. The noncommutativity parameter also can be non-constant [3, 4, 5]. One can
achieve to this, by introducing a nontrivial B-field [4] or more general, a curved background
metric gµν with nontrivial B-field [5].
The fact that the noncommutativity parameter is not constant implies that, indirectly
this parameter depends on the coordinates of the string worldsheet. We consider the non-
commutativity parameter Θµν as a bosonic field of the string worldsheet. Worldsheet su-
persymmetry enables us to find a fermionic super-partner for it. We call this fermionic field
ωµν . We study supersymmetry of the Θω-system. That is, we find the supersymmetry trans-
formations of the fields Θµν and ωµν . We show that the algebra of these transformations is
closed.
Imposing the worldsheet supersymmetry to the noncommutativity relation of the space-
time, creates star products between the boson-boson, boson-fermion and fermion-fermion
fields. By these products we can find the noncommutativity of the superfields associated to
the worldsheet superspace. Therefore, this noncommutativity is compatible with supersym-
metry. Furthermore, we shall show that star product of two superfields is a superfield. In
other words, noncommutativity parameter of the superfield coordinates is a superfield.
Some transformation properties of the components of the supersymmetrized local non-
commutativity parameter will be discussed. By quantizing the system, the algebra of the
supercurrent is studied. In addition to the supersymmetry, the action of the Θω-system also
is symmetric under the reparametrization of the worldsheet coordinates, the Weyl scaling
of the worldsheet metric, the transformations that are induced by Poincare´ transformations
and another linear transformation of Θµν and ωµν . We study the two later symmetries in
detail.
This paper is organized as follows. In section 2, supersymmetry of the noncommutativity
parameter and its fermionic partner is discussed. In section 3, we find star products between
the worldsheet bosons and fermions and also between superfields of worldsheet superspace.
In section 4, the action of these new fields, the quantization of these fields, the supercurrent
and its algebra will be obtained. In section 5, we study the induced Poincare´ symmetry and
another symmetry of this system.
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2 Supersymmetry transformations of Θµν and ωµν
We know that for a noncommutative space with the coordinates {Xµ} and the noncommu-
tativity parameter Θµν there is
Xµ ∗Xν = XµXν +
i
2
Θµν , (1)
which leads to the commutator
[Xµ , Xν ]∗ = iΘ
µν . (2)
Note that in string theory, the equation (1) is definition of the star product between two
worldsheet bosons Xµ and Xν . It is not definition of the parameter Θµν . Later we shall find
an appropriate action for Θµν .
Now consider superstring theory with worldsheet supersymmetry. It has the action
S = −
1
4πα′
∫
d2σ(∂aX
µ∂aXµ − iψ¯
µρa∂aψµ) , (3)
where ψµ =

 ψ
µ
−
ψ
µ
+

 is a Majorana spinor of worldsheet. The equations of motion extracted
from this action are
∂+ψ
µ
− = ∂−ψ
µ
+ = ∂+∂−X
µ = 0 , (4)
where ∂± =
1
2
(∂τ ± ∂σ). Under the worldsheet supersymmetry transformations, this action
is invariant. These transformations are
δXµ = ǫ¯ψµ ,
δψµ = −iρa∂aX
µǫ , (5)
where ǫ is a constant anti-commuting infinitesimal Majorana spinor. According to the equa-
tions of motion (4), supersymmetry means that ∂±X
µ appears like ψµ± and vice-versa.
From the equation (1) and the supersymmetry transformations (5), we have
i
2
δΘµν = ǫ¯(ψµ ∗Xν +Xµ ∗ ψν − ψµXν −Xµψν) . (6)
This transformation can be written as
δΘµν = ǫ¯ωµν , (7)
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where ωµν is defined as
i
2
ωµν = ψµ ∗Xν +Xµ ∗ ψν − ψµXν −Xµψν , (8)
or in the commutator form, it is
iωµν = [ψµ , Xν ]∗ − [ψ
ν , Xµ]∗ . (9)
Also the equations (5) and (8) give the supersymmetry transformation of ωµν i.e.,
i
2
δωµν = −iρaǫ(∂aX
µ ∗Xν +Xµ ∗ ∂aX
ν − ∂aX
µXν −Xµ∂aX
ν) . (10)
By using the equation (1) this transformation takes the simple form
δωµν = −iρa∂aΘ
µνǫ . (11)
Note that the transformations of the equations (2) and (9) also lead to the results (7)
and (11), respectively. Now we have a new Majorana spinor ωµν =

 ω
µν
−
ω
µν
+

 which is
antisymmetric under the exchange of the indices µ and ν.
The transformations (7) and (11) form a closed algebra, that is for two successive trans-
formations δǫ and δǫ′ we obtain
[δǫ , δǫ′]Θ
µν = 2iǫ¯ρaǫ′∂aΘ
µν ,
[δǫ , δǫ′]ω
µν = 2iǫ¯ρaǫ′∂aω
µν . (12)
Note that closeness of algebra means that the commutator of two supersymmetry transfor-
mations gives a spatial translation. This can be seen from the above equations.
3 Star product between various fields
Now we find star product between the worldsheet fields and between superfields. Making
derivative of the equation (1) with respect to the light-cone coordinates σ±, leads to the
equation
i
2
∂±Θ
µν = ∂±X
µ ∗Xν +Xµ ∗ ∂±X
ν − ∂±X
µXν −Xµ∂±X
ν . (13)
According to the supersymmetry this equation gives
i
2
Ωµν = ψµ ∗Xν +Xµ ∗ ψν − ψµXν −Xµψν , (14)
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where we introduced the spinor Ωµν as super-partner of Θµν . The equations (8) and (14) give
the equality Ωµν = ωµν . Therefore, the equations (7), (8) and (11) imply Θµν and ωµν are
super-partner of each other. Again note that the equation (8) is definition of star product
between the worldsheet bosons {Xµ} and the worldsheet fermions {ψµ}. It is not definition
of the spinor ωµν . We shall give an appropriate action for ωµν .
From the equation (13) we obtain
∂+X
µ ∗ ∂−X
ν + ∂−X
µ ∗ ∂+X
ν = ∂+X
µ∂−X
ν + ∂−X
µ∂+X
ν +
i
2
∂+∂−Θ
µν , (15)
Using the supersymmetry, leads to the equation
ψ
µ
+ ∗ ψ
ν
−
+ ψµ− ∗ ψ
ν
+ = ψ
µ
+ψ
ν
−
+ ψµ−ψ
ν
+ +
i
2
∂+∂−Θ
µν . (16)
This shows the star product between the components of the spinor fields of the string world-
sheet. This product, similar to the equation (8), naturally is defined by two terms that
contain star product. The equation (16) also can be obtained from the equation (8).
According to the equations (1), (8) and (16) we can find star product and noncommuta-
tivity parameter for a space with worldsheet superfields as its coordinates. A superfield in
general has the form
Y µ = Xµ + θ¯ψµ +
1
2
θ¯θBµ , (17)
where the Grassmann coordinates θ1 and θ2 form a two dimensional Majorana spinor θ =
 θ1
θ2

. Under the supersymmetry, this field transforms as δY µ = ǫ¯Q(Y µ), where the
generator Q = ∂
∂θ¯
+ iρaθ∂a represents supersymmetry on the superspace. The commutator
of two superfields with star product is
[Y µ , Y ν ]∗ = iΦ
µν ≡ i(Θµν + θ¯ωµν +
1
2
θ¯θΓµν) , (18)
where the matrix Γµν is
Γµν = i(ψ¯µ ∗ ψν − ψ¯ν ∗ ψµ) . (19)
The antisymmetric tensor Φµν shows the noncommutativity parameter of the space {Y µ}.
This parameter depends on the superspace coordinates σ, τ, θ1 and θ2. The various compo-
nents of Φµν i.e., Θµν , ωµν and Γµν show the noncommutativity of X −X , X −ψ and ψ−ψ
subspaces.
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We know that usual product of two superfields Y µ and Y ν is a superfield i.e., δ(Y µY ν) =
ǫ¯Q(Y µY ν). This also holds by star product i.e., Y µ ∗ Y ν is a superfield. Now we show this.
The star product is
Y µ ∗ Y ν = Y µY ν +
i
2
Λµν , (20)
where Λµν is
Λµν = Θµν + θ¯ωµν +
1
2
θ¯θλµν ,
λµν = 2i(ψ¯µ ∗ ψν − ψ¯µψν) . (21)
Since Y µY ν is a superfield, it is sufficient to show that Λµν also is a superfield. Using the
equations (1) and (8) for Θµν and ωµν and also applying the geometrical transformations
δθ = ǫ and δσa = iǫ¯ρaθ, lead to the equation
δΛµν = ǫ¯Q(Λµν) , (22)
that is, Λµν is a superfield and therefore, Y µ ∗ Y ν is superfield,
δ(Y µ ∗ Y ν) = ǫ¯Q(Y µ ∗ Y ν) . (23)
In the same way, it is easy to show that the noncommutativity parameter Φµν also is super-
field.
The superfield Λµν gives the following supersymmetry transformations
δΘµν = ǫ¯ωµν ,
δωµν = −iρaǫ∂aΘ
µν + ǫλµν ,
δλµν = −iǫ¯ρa∂aω
µν . (24)
For compatibility with the equations (7) and (11), λµν and δλµν should vanish i.e.,
ψ¯µ ∗ ψν = ψ¯µψν , (25)
ρa∂aω
µν = 0 . (26)
Since Θµν is super-partner of ωµν , the equation (26) implies
∂a∂aΘ
µν = 0 . (27)
The equations (16), (25) and (27) tell us that star product between components of the
worldsheet fermions {ψµ} is usual product that is, ψµA ∗ ψ
ν
B = ψ
µ
Aψ
ν
B, where A,B ∈ {+,−}.
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4 Action of the fields Θµν and ωµν
According to the supersymmetry transformations (7) and (11) and the equations (26) and
(27) we can write the following action for Θµν and ωµν ,
S ′ = −
1
4πα′
∫
d2σ(∂aΘ
µν∂aΘµν − iω¯
µνρa∂aωµν) . (28)
The equations (26) and (27) are equations of motion that can be extracted from this action.
The fields Θµν(σ, τ) and ωµν(σ, τ) are massless bosons and fermions that live in the worldsheet
of superstring.
Under the supersymmetry transformations (7) and (11) this action is invariant. The
supercurrent associated to this symmetry is
Ja =
1
2
ρbρaω
µν∂bΘµν . (29)
This is a conserved current i.e., ∂aJa = 0. The light-cone components of this current are
J+ = ω
µν
+ ∂+Θµν ,
J− = ω
µν
− ∂−Θµν . (30)
Now we verify the quantization of the Θω-system. Quantization of the fermionic degrees
of freedom is achieved by imposing the canonical anti-commutation relations. The canonical
momenta conjugate to ωµν± are
Πµν± (σ, τ) = −
i
4πα′
ω
µν
± . (31)
Using the equal τ anti-commutators, we obtain
{ωµνA (σ, τ) , ω
ρλ
B (σ
′, τ)} =
π
2
(ηµρηνλ − ηµληνρ)δ(σ − σ′)δAB. (32)
Both sides under the exchanges µ ↔ ν or ρ ↔ λ change their signs. Also both sides under
the exchanges µ↔ ρ , ν ↔ λ , σ ↔ σ′ and A↔ B are invariant. The canonical momentum
conjugate to Θµν is
Πµν(σ, τ) =
1
2πα′
∂τΘ
µν . (33)
Quantization of the bosonic degrees of freedom can be obtained by canonical commutation
relations
[∂±Θ
µν(σ, τ) , ∂±Θ
ρλ(σ′, τ)] = ±
iπ
4
(ηµρηνλ − ηµληνρ)δ′(σ − σ′) , (34)
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[∂+Θ
µν(σ, τ) , ∂−Θ
ρλ(σ′, τ)] = 0 . (35)
Under the exchanges µ↔ ρ , ν ↔ λ and σ ↔ σ′ these equations are invariant.
According to the equations (32), (34) and (35) the algebra that the supercurrent (30)
generates, is
{J+(σ) , J+(σ
′)} = πδ(σ − σ′)T++(σ) ,
{J−(σ) , J−(σ
′)} = πδ(σ − σ′)T−−(σ) ,
{J+(σ) , J−(σ
′)} = 0 , (36)
where T++ and T−− are the non-zero light-cone components of the energy momentum tensor,
extracted from the action (28),
T++ = ∂+Θ
µν∂+Θµν +
i
2
ω
µν
+ ∂+ω+µν ,
T−− = ∂−Θ
µν∂−Θµν +
i
2
ω
µν
− ∂−ω−µν . (37)
The algebra (36) is similar to the algebra of the supercurrent associated with the supersym-
metry transformations (5).
5 Other symmetries
The superstring action (3) under the Poincare´ transformations is invariant. These transfor-
mations are
δXµ = aµ νX
ν + bµ ,
δψµ = aµ νψ
ν , (38)
where aµν is a constant antisymmetric matrix and b
µ is a constant vector that shows trans-
lation.
Application of the transformations (38) in the equations (1) and (8) induces the following
transformations to the fields Θµν and ωµν ,
δΘµν = (aµ ρδ
ν
λ − a
ν
ρδ
µ
λ)Θ
ρλ , (39)
δωµν = (aµ ρδ
ν
λ − a
ν
ρδ
µ
λ)ω
ρλ . (40)
Since the translation bµ is independent of the spacetime coordinates {Xµ}, it does not appear
to these transformations. Note that application of the transformations (38) in the equations
(2) and (9) also gives the results (39) and (40).
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The action (28) under the transformations (39) and (40) is invariant. This invariance
leads to the current
Jµνρλa =
1
π
(Θµν∂aΘ
ρλ −Θρλ∂aΘ
µν + iω¯µνρaω
ρλ) . (41)
Under the exchange of the indices, this current satisfies the following identities
Jµνρλa = −J
νµρλ
a = −J
µνλρ
a = −J
ρλµν
a . (42)
According to the equations of motion, this is a conserved current i.e.,
∂aJµνρλa = 0 . (43)
Since the transformation (39) only rotates Θµν but does not translate it, there is no current
for translation.
The action (28) also is symmetric under the following linear transformations
δΘµν = Aµν ρλΘ
ρλ + bµν ,
δωµν = Aµν ρλω
ρλ , (44)
where bµν and Aµν ρλ satisfy the following identities
A
µν
ρλ = −A
νµ
ρλ = −A
µν
λρ = −A
µν
ρλ ,
bµν = −bνµ . (45)
The currents associated to the transformations (44), are the current (41) and the current
P µνa =
1
π
∂aΘ
µν . (46)
This current is a result of the translation of Θµν . Also it is a conserved current i.e.,
∂aP µνa = 0 . (47)
In addition to the supersymmetry, the induced Poincare´ symmetry and the symmetry
under the transformations (44), the action (28) similar to the action (3), also is symmetric
under the reparametrization of the parameters σ and τ and the Weyl scaling of the worldsheet
metric.
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6 Conclusions
We considered the noncommutativity parameter as a bosonic field of the string worldsheet.
By applying the worldsheet supersymmetry, a super-partner was associated to it. We found
the supersymmetry transformations of these new fields. Therefore, in a natural way we
obtained star products between the boson-boson, boson-fermion and fermion-fermion fields.
According to these products the noncommutativity parameter of the superfields (functions
on the worldsheet superspace) was obtained. We saw that star product of two superfields
(like usual product of them) is a superfield. Therefore, the noncommutativity parameter of
these superfields transforms as a superfield.
From the equations of motion and the supersymmetry transformations of this system,
we obtained action of the system. By quantizing the system, we obtained the algebra of
the supercurrent. For this action we extracted the induced Poincare´ symmetry and the
current associated to it. This four indices current satisfies some identities. We showed that
invariance under the transformations (44), leads to the above four indices current and a
conserved current for the translation of the noncommutativity parameter. Also this action
under the reparametrization of the worldsheet coordinates, the Weyl scaling of the worldsheet
metric is invariant.
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